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Under these assumptions, we can now define very weak solutions to ([1.1](#Equ1){ref-type=""}).

Definition 1 {#FPar1}
------------
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In order to improve the integrability of a very weak solution to ([1.1](#Equ1){ref-type=""}), we need to prove a suitable reverse Hölder inequality. In 1973, Gehring \[[@CR1]\] discovered the crucial self-improving property of the reverse Hölder inequality and applied it to establish higher integrability of *n*-dimensional *k*-quasiconformal mapping. Subsequently, Meyers and Elcrat \[[@CR2]\] generalized this inequality based on Caccioppoli's inequality. They improved the integrability of weak solutions to nonlinear elliptic systems with the help of Gehring's lemma. Especially, they pointed out that regularity properties remained valid in a somewhat slightly larger Sobolev space to linear elliptic systems depending on the duality. In fact, this regularity result about very weak solutions was first showed by Meyers \[[@CR3]\] in 1963. Unfortunately, neither the method used in \[[@CR2]\] for proving the reverse Hölder inequality nor the duality employed in \[[@CR2], [@CR3]\] can be applied to deal with very weak solutions to nonlinear elliptic systems. To overcome these difficulties, Lewis \[[@CR4]\] used the technique of harmonic analysis and successfully proved that very weak solutions to nonlinear elliptic systems are indeed weak solutions. Later Iwaniec and Sbordone \[[@CR5]\] achieved a similar result via the methods of Hodge decomposition and prior estimation.

Since then, studies on properties of very weak solutions to partial differential equations, especially for regularity of very weak solutions to A-harmonic systems, have attracted considerable attention. Following the method of Iwaniec and Sbordone \[[@CR5]\], Giachetti, Leonetti, and Schiachi \[[@CR6]\] obtained the partial regularity result of A-harmonic systems $\documentclass[12pt]{minimal}
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Motivated by these works, we mainly consider the optimal partial regularity to nonhomogeneous A-harmonic systems in the form of ([1.1](#Equ1){ref-type=""}) under assumptions (H1)-(H4).

For the sake of desired results, we first need to improve the exponent of integrability for the gradient of a very weak solution to an even slightly better one than the natural exponent *p*. The crucial difficulty is to construct an appropriate test function below the natural exponent. In this article, we follow the spirit of Iwaniec and Sbordone \[[@CR5]\] using the Hodge decomposition to construct it. Combining the Sobolev imbedding theorem, Young's inequality, Poincaré's inequality, and so on, we improve the exponents of integrability of very weak solutions to ([1.1](#Equ1){ref-type=""}). In other words, we successfully prove that very weak solutions to ([1.1](#Equ1){ref-type=""}) are in fact weak solutions. More precisely, we obtain the following result.

Theorem 1 {#FPar2}
---------

*Let* *u* *be a very weak solution to systems* ([1.1](#Equ1){ref-type=""}). *Assume that the structure conditions* (H1), (H2), *and* (H4) *hold*. *Then there exist exponents* $\documentclass[12pt]{minimal}
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A direct consequence of this result follows immediately.

Corollary 1 {#FPar3}
-----------
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To close this section, we briefly summarize the notation used in this paper. As noted before, we consider a bounded domain $\documentclass[12pt]{minimal}
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The rest of this paper is arranged as follows. In Section [2](#Sec2){ref-type="sec"}, we provide some necessary preliminary lemmas. In Section [3](#Sec3){ref-type="sec"}, we prove the main results.

Preliminary lemmas {#Sec2}
==================

Before proving the results, we state a few useful lemmas.

The first one is a stability result of the Hodge decomposition, from which we could construct a suitable test-function concerning estimates below the natural exponent for ([1.1](#Equ1){ref-type=""}).

Lemma 1 {#FPar5}
-------

\[[@CR5]\]
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Applying Lemma [2](#FPar6){ref-type="sec"}, we can decompose the left term of the Hodge decomposition into two terms that could be controlled more easily in the proof of Theorem [1](#FPar2){ref-type="sec"}.

Lemma 2 {#FPar6}
-------

\[[@CR12]\]
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In the end of this section, we shall introduce a form of Gehring's lemma, which plays an important role in the proof of Theorem [1](#FPar2){ref-type="sec"}. It implies in particular that from it higher integrability of $\documentclass[12pt]{minimal}
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Lemma 3 {#FPar7}
-------

\[[@CR2], [@CR13]\]
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Proof of the main theorems {#Sec3}
==========================

In this section, we give a proof of partial regularity results. Consider *u* solving ([1.1](#Equ1){ref-type=""}) on $\documentclass[12pt]{minimal}
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Proof of Theorem [1](#FPar2){ref-type="sec"} {#Sec4}
--------------------------------------------

### Proof {#FPar8}
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Inserting *Dϕ* into equality ([1.2](#Equ2){ref-type=""}), we get $$\documentclass[12pt]{minimal}
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In order to use (H2), we need to transform the left-hand side of ([3.6](#Equ10){ref-type=""}) as follows: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} I_{4}\leqslant C_{s} \biggl( \int_{B_{R}(x_{0})}\vert f \vert ^{\frac{n(p-\varepsilon )}{n(p-1)+p- \varepsilon }}\,dx \biggr)^{\frac{n(p-1)+p-\varepsilon }{n(p-\varepsilon )}} \biggl( \int_{B_{R}(x_{0})}\vert D\phi \vert ^{\frac{p-\varepsilon }{1-\varepsilon }}\,dx \biggr)^{\frac{1- \varepsilon }{p-\varepsilon }}. \end{aligned}$$ \end{document}$$ Combining this with ([3.5](#Equ9){ref-type=""}), with the aid of Young's inequality, we obtain, for $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} I_{4}&\leqslant C_{s} C_{2} \biggl( \int_{B_{R}(x_{0})}\vert f \vert ^{\frac{n(p- \varepsilon )}{n(p-1)+p-\varepsilon }}\,dx \biggr)^{\frac{n(p-1)+p-\varepsilon }{n(p-\varepsilon )}} \biggl( \int_{B_{R}(x_{0})}\vert Du-p_{0} \vert ^{p-\varepsilon } \,dx \biggr)^{\frac{1- \varepsilon }{p-\varepsilon }} \\ &\leqslant C_{s} C_{2} \biggl(\varepsilon_{4} \int_{B_{R}(x_{0})}\vert Du-p_{0} \vert ^{p- \varepsilon } \,dx+\varepsilon_{4}^{-\frac{1-\varepsilon }{p-1}} \biggl( \int_{B_{R}(x_{0})}\vert f \vert ^{\frac{n(p-\varepsilon )}{n(p-1)+p-\varepsilon }}\,dx \biggr)^{\frac{n(p-1)+p-\varepsilon }{n(p-1)}} \biggr). \end{aligned}$$ \end{document}$$

Substituting ([3.8](#Equ12){ref-type=""}), ([3.9](#Equ13){ref-type=""}), ([3.10](#Equ14){ref-type=""}), ([3.14](#Equ18){ref-type=""}), and ([3.15](#Equ19){ref-type=""}) into ([3.7](#Equ11){ref-type=""}), we finally have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & 2^{\frac{2-p}{2}}\alpha \int_{B_{R/2}(x_{0})}\vert Du-p_{0} \vert ^{p-\varepsilon } \,dx \\ &\quad \leqslant \beta \bigl(1+\vert p_{0} \vert ^{2} \bigr)^{\frac{p-1}{2}}\varepsilon_{1} \int_{B_{R}(x_{0})}\vert Du-p_{0} \vert ^{p-\varepsilon } \,dx+2^{p-1}\beta C_{1} \varepsilon \int_{B_{R}(x_{0})}\vert Du-p_{0} \vert ^{p-\varepsilon } \,dx \\ &\quad\quad {}+2^{p-1}\beta \bigl(1+\vert p_{0} \vert ^{2} \bigr)^{\frac{p-1}{2}}C_{1}\varepsilon \varepsilon_{2} \int_{B_{R}(x_{0})}\vert Du-p_{0} \vert ^{p-\varepsilon } \,dx \\ &\quad \quad {}+C_{3} \bigl(1+\vert p_{0} \vert ^{2} \bigr)^{\frac{p-1}{2}}\varepsilon_{3}C_{P} \int_{B_{R}(x_{0})}\vert Du-p_{0} \vert ^{p-\varepsilon } \,dx +C_{s} C_{2} \varepsilon_{4} \int_{B_{R}(x_{0})}\vert Du-p_{0} \vert ^{p-\varepsilon } \,dx \\ &\quad \quad {}+C_{3} C_{s}^{1-\varepsilon } \biggl( \int_{B_{R}(x_{0})}\vert Du-p_{0} \vert ^{\frac{n(p- \varepsilon )}{n+1-\varepsilon }} \,dx \biggr)^{\frac{n+1-\varepsilon }{n}} \\ &\quad \quad {} +C _{s} C_{2} \varepsilon_{4}^{-\frac{1-\varepsilon }{p-1}} \biggl( \int_{B_{R}(x_{0})}\vert f \vert ^{\frac{n(p-\varepsilon )}{n(p-1)+p-\varepsilon }}\,dx \biggr)^{\frac{n(p-1)+p-\varepsilon }{n(p-1)}} \\ &\quad\quad {} +\beta \bigl(1+\vert p_{0} \vert ^{2} \bigr)^{\frac{p-1}{2}}\varepsilon_{1}^{-\frac{1- \varepsilon }{p-1}} \int_{B_{R}(x_{0})}\,dx+2^{p-1}\beta \bigl(1+\vert p_{0} \vert ^{2} \bigr)^{ \frac{p-1}{2}}C_{1} \varepsilon \varepsilon_{2}^{-\frac{1-\varepsilon }{p-1}} \int_{B_{R}(x_{0})}\,dx \\ &\quad \quad {}+C_{3} \bigl(1+\vert p_{0} \vert ^{2} \bigr)^{\frac{p-1}{2}}\varepsilon_{3}^{-\frac{1- \varepsilon }{p-1}} \int_{B_{R}(x_{0})}\,dx. \end{aligned}$$ \end{document}$$

Rearranging this inequality, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \int_{B_{R/2}(x_{0})}\vert Du-p_{0} \vert ^{p-\varepsilon } \,dx \\ &\quad \leqslant \theta \int_{B_{R}(x_{0})}\vert Du-p_{0} \vert ^{p-\varepsilon } \,dx +\frac{1}{ \alpha }2^{\frac{p-2}{2}}C_{3} C_{s}^{1-\varepsilon } \biggl( \int_{B_{R}(x _{0})}\vert Du-p_{0} \vert ^{\tau } \,dx \biggr)^{\frac{p-\varepsilon }{\tau }} \\ &\quad \quad {}+\frac{1}{\alpha }2^{\frac{p-2}{2}}C_{s} C_{2} \varepsilon _{4}^{-\frac{1-\varepsilon }{p-1}} \biggl( \int_{B_{R}(x_{0})}\vert f \vert ^{\frac{n(p- \varepsilon )}{n(p-1)+p-\varepsilon }}\,dx \biggr)^{\frac{n(p-1)+p-\varepsilon }{n(p-1)}} +C_{4} \int_{B_{R}(x_{0})}\,dx, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$\theta =\frac{1}{\alpha }2^{\frac{p-2}{2}}(\beta (1+\vert p_{0} \vert ^{2})^{ \frac{p-1}{2}}\varepsilon_{1}+2^{p-1}\beta C_{1}\varepsilon +2^{p-1} \beta (1+\vert p_{0} \vert ^{2})^{\frac{p-1}{2}}C_{1}\varepsilon \varepsilon_{2}+C _{3} (1+\vert p_{0} \vert ^{2})^{\frac{p-1}{2}} \varepsilon_{3}C_{P}+C_{s} C_{2} \varepsilon_{4})$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$C_{4}=\frac{1}{\alpha }2^{\frac{p-2}{2}}(\beta (1+\vert p_{0} \vert ^{2})^{ \frac{p-1}{2}}\varepsilon_{1}^{-\frac{1-\varepsilon }{p-1}}+2^{p-1} \beta (1+\vert p_{0} \vert ^{2})^{\frac{p-1}{2}}C_{1}\varepsilon \varepsilon_{2} ^{-\frac{1-\varepsilon }{p-1}}+C_{3}(1+\vert p_{0} \vert ^{2})^{\frac{p-1}{2}} \varepsilon_{3}^{-\frac{1-\varepsilon }{p-1}})$\end{document}$.
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                \begin{document}$\int_{B_{R}(x_{0})}\vert f \vert ^{\frac{n(p-\varepsilon )}{n(p-1)+p-\varepsilon }}\,dx< M$\end{document}$.
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                \begin{document}$(\int_{B_{R}(x_{0})}\vert f \vert ^{\frac{n(p-\varepsilon )}{n(p-1)+p- \varepsilon }}\,dx)^{\frac{n(p-1)+p-\varepsilon }{n(p-1)}}\leqslant M ^{\frac{p-\varepsilon }{n(p-1)}}\int_{B_{R}(x_{0})}\vert f \vert ^{\frac{n(p- \varepsilon )}{n(p-1)+p-\varepsilon }}\,dx$\end{document}$.
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                \begin{document} $$\begin{aligned} & \int_{B_{R/2}(x_{0})}\vert Du-p_{0} \vert ^{p-\varepsilon } \,dx \\ &\quad \leqslant \theta \int_{B_{R}(x_{0})}\vert Du-p_{0} \vert ^{p-\varepsilon } \,dx +\frac{1}{ \alpha }2^{\frac{p-2}{2}}C_{3} C_{s}^{1-\varepsilon } \biggl( \int_{B_{R}(x _{0})}\vert Du-p_{0} \vert ^{\tau } \,dx \biggr)^{\frac{p-\varepsilon }{\tau }} \\ &\quad\quad {} +C_{5} \biggl( \int_{B_{R}(x_{0})}\vert f \vert ^{\frac{n}{n(p-1)+p-\varepsilon }(p-\varepsilon )}\,dx + \int_{B_{R}(x_{0})}\,dx \biggr) \\ &\quad \leqslant \theta \int_{B_{R}(x_{0})}\vert Du-p_{0} \vert ^{p-\varepsilon } \,dx +\frac{1}{ \alpha }2^{\frac{p-2}{2}}C_{3} C_{s}^{1-\varepsilon } \biggl( \int_{B_{R}(x _{0})}\vert Du-p_{0} \vert ^{\tau } \,dx \biggr)^{\frac{p-\varepsilon }{\tau }} \\ &\quad \quad {}+C_{5} \int_{B_{R}(x_{0})} \bigl(\vert f \vert ^{\frac{n}{n(p-1)+p-\varepsilon }}+1 \bigr)^{p-\varepsilon }\,dx. \end{aligned}$$ \end{document}$$
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                \begin{document} $$\begin{aligned}& \fint_{B_{R/2}(x_{0})}\vert Du-p_{0} \vert ^{p-\varepsilon } \,dx \\& \quad \leqslant 2^{n}\theta - \int_{B_{R}(x_{0})}\vert Du-p_{0} \vert ^{p-\varepsilon } \,dx +C_{6} \biggl( \fint_{B_{R}(x_{0})}\vert Du-p_{0} \vert ^{\tau } \,dx \biggr)^{\frac{p-\varepsilon }{ \tau }} \\& \quad \quad {}+2^{n}C_{5} \fint_{B_{R}(x_{0})} \bigl(\vert f \vert ^{\frac{n}{n(p-1)+p-\varepsilon }}+1 \bigr)^{p- \varepsilon }\,dx, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \fint_{B_{R/2}(x_{0})}\vert Du-p_{0} \vert ^{r'}\,dx \\& \quad \leqslant 2^{n}\theta ' \fint_{B_{R}(x_{0})}\vert Du-p_{0} \vert ^{r'}\,dx +C_{6}' \biggl( \fint_{B_{R}(x_{0})}\vert Du-p_{0} \vert ^{\tau '}\,dx \biggr)^{\frac{r'}{\tau '}} \\& \quad\quad {} +2^{n}C_{5}' \fint_{B_{R}(x_{0})} \bigl(\vert f \vert ^{\frac{n}{n(p-1)+r'}}+1 \bigr)^{r'}\,dx. \end{aligned}$$ \end{document}$$ Therefore, we get $\documentclass[12pt]{minimal}
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This completes the proof of Theorem [1](#FPar2){ref-type="sec"}. □

Proof of Theorem [2](#FPar4){ref-type="sec"} {#Sec5}
--------------------------------------------

### Proof {#FPar9}

The aim of Theorem [2](#FPar4){ref-type="sec"} is to prove that very weak solutions to systems ([1.1](#Equ1){ref-type=""}) are not only weak solutions to ([1.1](#Equ1){ref-type=""}) but also the optimal Hölder continuity. In fact, under the assumptions of Theorem [1](#FPar2){ref-type="sec"}, we get that $\documentclass[12pt]{minimal}
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                \begin{document}$u\in C^{1,\gamma }(\Omega_{0})$\end{document}$ based on A-harmonic approximation technique. The proving method is standard, so we omit the process of derivation in this paper. For more details, we refer the reader to Theorem 1.1 of \[[@CR14]\] and the related literature. So the proof of Theorem [2](#FPar4){ref-type="sec"} is complete. □
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